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A : I
byXJLxkhoxa¸ZoNhobyX\N9O^WVx#X[NZ_kMONZoJ;_Y;X
M
X\fLJ¢ZoJLx&Z
M ⊆ I+

Z\JLNSX\NZ)_M]NZ\J;_Y;XwLf;^;`yby`cV©w;ho_&nWby;N9¢^WVOZoJ;NSxkw;w;`yNZ)beX
M
pY)JLbc`yNtZoJ;N~X[NZ¦_kw;fL^;`cbe`yV
hoN9dAf;byhoN9~MONZoJ;_Y;X%byX
I−−(I+−M)
&ZoJAfBX%xkw;w;`yNZ
A : I
JLxkXw;f;^;`ybe(byzAZ\N9h[xaN
(M, I−−(I+−M))
¤
 - Ë   Ë   Ï  rNÂWZ)¦N~bczLX[ZoxkzAZ\bex&Z\N~X\wBNGbc£BxZ\by_kzLX_azZoJ;N~^2NJLxºnWby_kf;hx`"`yNnkN9`.¤
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A = (M, E) : I
³­±¼²½c¶ºÀ­ D±ÅkÅ"½c­¬ ´;­®\­
M = (V, L,→
, A, λ)
  ´;­]^2NJBxºnAby_kfLh]¶l¯
A
ªeÀa­¸À²®¸ª³­)³!¢¬ ´L­~À-ÅL­²ª Æ¦²o±¬.ª¶«
b(A) = (Mb, Eb)  ´;­®\­ Mb =
(Sb, Lb,→b, Ab, λb)
À¸·L²´¬ ´L±&¬
Sb = V × V
∗  b-¤ Na¤"À¸¬0±¬0­À±®\­ÅL±&ª ®À¶l¯²¶«L¬-®\¶&½AÅL¶&ª «B¬À±&« ]À¸¬0±a² &À 
Lb = {m1 l m2 | l ∈ {call, ret}, m1,m2 ∈ I
+} ∪ {ε}  →b ªeÀk­.Æi«"­)³!¬°´;­]®¸·Y½y­¸À#¶[¯  ±k³½c­ 
Ab = A  ±&«  λb((v, σ)) = λ(v)  ´;­)À­¬¶[¯¦ª «Lª ¬-ª±&½YÀ¸¬|±&¬|­¸À
Eb
ªeÀ k­.Æi«2­ ~³!
Eb = E×{ε}  ´L­®\­ ε k­«2¶¬0­À¬ ´L­­ÁtÅ2¬ !À­ #·L­«"²­¶µº­®
V

rt_Z\NOZoJLx&Z'xkw;w;`yNZ~^2NJLxºnWby_kf;h~YN£Lz;N9X'xwLfLX[J¥Y_&)z»xf;Z\_kM©xZ\_kz 	X\NNap¦­ ¿yp   °_khxX\f;h\naNV
_knkNhobc£BxZ\by_kzZ\NGJ;z;bedafLN9X)°_ahtbyzY£Lz;bcZ\N#w;ho_WN9XoXX[Z\hofL¸Zof;h\NGX ¤¨N#NÂYw;`y_kbcZZ\J;beX^AVfLX\bczLx©MO_YYN`
JLN9kN9h¦°_kh)guXZ\_OnaNhob}°V¢^2NJBxºnAby_kfLhoxk`2wLh\_awBN9h[ZobcNGX¤
ut`yX\_¢_kzZoJ;N^2NJLxºnWby_kf;hx``cN9nkN`-pL¦N~byzLXlZxzAZ\bex&ZoN~Z\JLN'YN£Bz;b}Zobc_azLX_kiX[byM'f;`ex&Zobc_az
≤b
xkzL6X\xZ\beXl
xa¸Zobc_az
|=b
¤utzWVZl¦_xw;w;`yNZXZoJLx&Z~xhoN'hoN`ex&ZoN9D^AV6X[Z\hofL¸Zof;hx`
X[byM'f;`ex&Zobc_az¡pxhoN#xk`yX\_hoN`ex&ZoN96^WV
^2NJBxºnAby_kfLhoxk`BX\bcM#f;`yxZ\by_kz 	.IJ;N_ah\N9M ;¤ byz   2¸pW^;fYZZoJ;NS_kzWnkN9hoX\NbeX¦z;_Z¦Z\hof;N 	X\bczLN^2NJBxºnAby_kfLhoxk`
X\byM'f;`ex&Zobc_az_az;`cVh\NGdafLbchoN9X¦hoN9xkJBx^;`yNSX[ZoxZ\NGX¦Z\_O^BN~hoN`ex&ZoN9 ¤
#L_kh_azAnaNz;byNzBNkpº^2N`y_&Ã¦N)by`c`Y_k Z\Nz#)h\bcZ\N(Z\JLNX[ZoxZ\NGX_k;Z\J;N^2NJLxºnWby_kf;hx`aMO_W;N`;xkX%xSX[byMOw;`cN
X\N9dAf;N9zLN©_kXlZx&Z\NGXp¦ª  ­
v · σ
pbyzLXlZoN9xa_k
(v, σ)
¤6¨§NfLX\N¢hoNnaNhX[N]bczBYNÂYbyz;6Z\_YNz;_kZ\N©ZoJ;N
ithN9`cN9MONzAZ)°h\_aM ZoJ;N~^Lxk_ixOX[NGdafLNzLNkpLX\_OZ\JLxZ
(v · σ)|σ| = v
	°)JLNhoN
|σ|
YNz;_kZ\NGX¦Z\J;N`yNzLZ\J_k
xOX\N9dAf;N9zLN
σ
¸pBxzLfLX\N
last(σ)
Z\_©YNzL_Z\N
σ0
¤
  2#
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IJLNz;NÂWZ)X\N9Z\by_kz;N£Lz;NGX)xzbcz;`ybyz;bczL]xk`ca_khob}ZoJ;M¹Z\JLxZ(ZohoxkzLXl°_ah\M©X¦x#_kzLh\NZ\NSxw;w;`yNZ)byMOw;`cN9MONzY
Zx&Zobc_azbyzaZo_©xzxw;w;`yNZZoJLx&Z_azAZoxbyzLX¦_kzL`cV©MONZoJ;_Y9x`y`yX¦Zo_#wLf;^;`ybyMONZoJ;_Y;X9¤%¨§N~xzAZ(Zo_Ow;h\_&naN
ZoJLx&Z°_ahxkzWVO`c_AX[NGxkw;w;`yNZ9pYN9nkN9h\V©^2NJLxºnWby_kf;h¦_Z\J;N~_azLhoNZoNSxkw;w;`yNZ)beX¦xk`yX\_Ox'^2NJLxºnWby_kf;h¦_Z\J;N
byz;`ybczLN9xw;w;`yNZG¤ _&¦NnkN9h9pa°_kh(Z\JLbyX¦Zo_#J;_a`y¡pY(NSJLxºnkNtZ\_Ox^LX[Z\hxkZZoJ;N~_kzBhoNZ\N^BN9JLxºnWbc_af;h(Z\_]Z\J;N
`yNnaN`(_w;f;^L`cbeMONZ\J;_Y;X9¤IJ;N9h\N°_khoNkp%(NbczAZoh\_YYfLN¢ZoJ;Nz;_kZ\by_kzÃ_kª «L¬|­®°¯±a²­¥³o­´;±µ9ª¶·Y®6_txkz
xkw;w;`yNZ  y®y¬ x©X\NZ)_
w;f;^L`cbeMONZ\JL_WLX¤
#%byhoX[Z(¦NYN£Lz;NtZ\J;N]¬0¶Åw;fL^;`cbeM]NZ\J;_Y  y®y¬ 
M
pkZoJLx&ZkbynkN9z¢xxk`c`eX[Zoxk
σ
hoNZ\fLh\zLXZ\JLN£LhXlZ
wLf;^;`ybyMONZoJ;_YZ\_O)J;beJx]z;_YYNbyzZ\J;N9x`y`¡XlZxk¢^2N`y_kz;AX¤
top  indexM (σ) = Max({i | 0 ≤ i < |σ| ∧ λMeth(σi) ∈M})
topM (σ) = λMeth(σtop  indexM (σ))
X[byz;OZ\JLN9X\NYN£LzLb}Zobc_azLXpB(N9xzYN£Bz;N'x]h\N9`yxk^BN9`c`ybyz;
ρM
_%Z\hxzLX\bcZ\by_kz`yxk^BN9`yXZo_OZ\J;N'w;f;^;`yby
`yNnaN`-¤  xk^BN9`yX°_ahxk`c`eX~xzL§hoNZof;h\zBX^BNZl(N9Nz»w;f;^;`ybeOM]NZ\J;_Y;X'xhoN]fLzLJLxzLkN9¡¤¢u x`y`°ho_kM!x
wLh\byn&x&Z\NtZ\_]xw;f;^L`cbeMONZoJ;_Y¢beXhoN`ex^2N`y`yN9¢xaXx'9x`y`L°ho_kM¹ZoJ;N'¬|¶oÅ6w;f;^;`ybetMONZoJ;_Y¢byz©Z\JLNw2NzL;bcz;
9x`y`%X[Zoxa"¤u h\NZ\f;hoz6°ho_kMÈxwLf;^;`ybyZ\_x¢w;hobcn&xZ\N'MONZ\J;_Y¼beXh\N9`yxk^BN9`c`yN9¼xaXxh\NZ\f;hoz6Zo_ZoJ;N¬|¶oÅ
44658739;:;:;<
G  ¦·Y®o¶&µ·YªeÀÁ©±&«
wLf;^;`ybyMONZoJ;_Y¤iu`y`¡_kZ\J;N9hZ\hxzLX\b}Zobc_azLXkNZ)`yxk^BN9`c`yN9xkX)X\by`cN9zaZxa¸Z\by_kzBX¤
ρM ((v, σ), `) =






` if ` = m1{call/ret}m2 ∧ m1,m2 ∈ M
topM (v · σ) callm2 if ` = m1 callm2 ∧ m1 6∈ M,m2 ∈M
m1 ret top
M (σ) if ` = m1 retm2 ∧ m1 ∈M,m2 6∈ M
ε otherwise
rt_& (Nxkh\Nh\NGxkYVZ\_§YN£LzLN¢Z\JLNbyzaZoNh\xkN^2NJLxºnWby_kf;h_ktxw;wL`cNZ
A
 y®y¬ ixX[NZ#_wLf;^;`yby
MONZ\J;_Y;X
M
¤
Ë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A : I
³­©±²½c¶ºÀ­ 6±oÅaÅ2½c­¬ ª ¬ ´§³­´;±&µGª¶&·Y®
b(A) =
((S,L,→, A, λ), E)
   ­¬
M ⊆ I+
³o­©±À­¬)¶[¯Å"·L³½¾ª²©ÁO­¬ ´L¶&À  ´L­©byzaZoNh\xkN^BN9JLxºnWbc_af;h_k
A~¤ hG¤ ZG¤
M
ªeÀ a­Æ«2­ ±&À
bM (A) = ((S,LM ,→M , AM , λM ), EM )  ´;­®\­
  LM = {ε} ∪ {m1`m2 | m1,m2 ∈M ∧ ` ∈ {call, ret}}
p
  →M= {((v, σ), `, (v′, σ′)) | ∃a ∈ L. (v, σ)
a
→ (v′, σ′) ∧ ρM ((v, σ), a) = ` }
p
  AM = M ∪ {r}
p
  λM = (v, σ) 7→ {topM (v · σ)} ∪ (if(v ∈M ∧ v |= r) then {r} else∅)
p
  EM = {v | v ∈ E ∧ λMeth(v) ∈ M}
¤
. Ï  Ï  Ï 	    ´L­Hª «L¬|­®°¯±a²o­Ä³­´;±&µGª¶&·Y® ¶l¯
A
~¤ h9¤ Z9¤
I+
ªeÀÃª$a­«B¬.ª²±&½#¬0¶ ª ¬À ³­´;±&µGª¶&·Y® b-¤ Nk¤
bI
+
(A) = b(A)

¨§N¼YN£Lz;N¼^2NJLxºnWby_kf;hx`)byzAZ\N9h[xaN6X[byM'fL`yxZ\by_kz
A ≤Mb B
xaX
bM (A) ≤ bM (B)
pxzLÄ¦N9x*Ã^2N
JBxºnAby_kfLhoxk`byzAZ\Nh\xkN©X[byM'f;`ex&Zobc_az
A ≤Mb,w B
xaX
bM (A) ≤w b
M (B)
¤©r_ZobyN]Z\JLxZ
A
xkzL
B
zLNN9
zL_Z#JBxºnkN©ZoJ;NXoxMON¢byzAZ\N9h[xaN9X9p
(N_kz;`yV»h\NGdAf;bchoN
M ⊆ I+A
xzB
M ⊆ I+B
¤»PWbyMObc`exho`yVkp
°_khOxzWV
°_ah\M#f;`ex
φ
byz X[byM'f;`ex&Zobc_azÄ`c_akbe_&naNh
LM
xkzL
AM
p(N¼YN£Lz;N¼^2NJBxºnAby_kfLhoxk`¦byzAZ\N9h[xaN¼Xox&Z\beX[xk¸
Zobc_az
A |=Mb φ
xkX
bM (A) |= φ
p)xzBH¦N9x*¥^BN9JLxºnWbc_af;hx`bczAZoNh\xkN6Xox&ZobyX[xkZ\by_kz
A |=Mb,w φ
xkX
bM (A) |=w φ
¤
    " 	§
	$&~  	
rtNÂWZ(NSYN£LzLNSxkz¢bczL`cbyz;byz;]xk`ca_khob}ZoJ;M
αM
ZoJLx&ZGpAabcnaNzx#X[NZ(_kw;f;^;`ybetMONZoJ;_Y;X
M
pkZohoxkzLX[°_khoMOX
xkzHxkw;w;`yNZOkhxw;JH^AV¥byz;`ybczLbcz;»x`y`)w;hobcn&xZ\Nx`y`eX¤Ãs)NGf;hX\bcnaN9x`y`yX'Z\_»w;hobcn&xZ\NM]NZ\J;_Y;X©xkh\Nz;_Z
byz;`ybczLN9p)^;f;ZhoN9xZ\N`c_W_awLX©byzÄZ\J;N¼hoN9X\f;`cZ\byz;¥khxwLJ¡¤ ¨§N¼w;ho_&nkNZ\JLxZ¢Z\JLN6bczAZ\N9h[xaN6^2NJLxºnWby_kf;h
_k(ZoJ;N¢_ah\bykbyzLx`ixkw;w;`yNZ
A
beX'X\bcM#f;`ex&Z\NG§^AVDZ\J;N^BN9JLxºnWbc_af;h_¦Z\JLN¢bczL`cbyz;N9¥xkw;w;`yNZ
αM (A)
p%Z\JWfLX
	^WV¼IJ;N_ah\N9M  Sx`y`%wLh\_awBN9h[ZobcNGX
φ
_iZoJ;NO`yxZ[Z\N9h  ª  ­ αM (A) |=b φ pxhoN#x`eX\_w;ho_kw2Nh\Z\byN9X_(Z\J;N°_ah\MON9h9pª  ­
A |=Mb φ
¤OR6_ah\N9_&nkNhGp2(N]w;ho_&nkNZoJLx&Z~bcZoJ;N¢xw;wL`cNZSbeX`yxaXlZ\09x`y`
h\NGf;hX[bynkNap2Z\J;N]Zl¦_
^2NJBxºnAby_kfLhoX¢xkh\N6¦N9x*HX\bcM#f;`ex&Z\by_kz NGdAf;bcn&xk`cN9zaZ' Z\JWfLX^B_kZ\J4xkw;w;`yNZXXox&Z\beX[°VHNÂYxa¸Zo`cVHZ\J;N§X\xkMON
_a^LX\Nhonºxk^;`yNw;ho_kw2Nh\Z\byN9X)xZZ\J;N~w;fL^;`cbebyzaZoNh\xkNS`yNnaN`-¤
rt_Z\beNZ\JBx&ZZoJ;NSbcz;`ybyz;bczL#x`yk_ah\bcZ\JLM¹Y_WNGXz;_kZ¦hoN9dAf;byhoN)Z\J;NxwLw;`cNZZo_'^2NS`c_AX[NG©xzL¢Z\hoN9x&ZXxk`c`
NÂWZ\NhozLxk`2MONZ\J;_Y;XxaXw;f;^;`ybe¤
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 	  IJ;N#xk`ca_khob}ZoJ;Mbcz;`ybyz;N9XSNnaNhoVwLf;^;`yby#MONZ\JL_W¡¤~q|zaZof;bcZ\bynkN`yVkp¡_kzY
X[Z\hofLZ\byz;)Z\JLNbyz;`cbyz;byz;°_ah%xw;f;^;`yby(MONZoJ;_Y
m
_khoh\NGX[w2_kzB;X"Z\_tNÂYN9fYZ\byz;ZoJ;NbyzAZ\N9h[xaNi^2NJLxºnWby_kf;h
_k
m
p)JLNhoN©M]NZ\J;_Y»xk`c`eXZo_6w;f;^;`ybyOMONZ\J;_Y;Xxkh\NObykz;_ah\NGpxkzLh\NGf;hX[by_kz§beX~N`ybcMObyzLx&ZoN9»xzB
hoNwL`yxaN9Ã^AV¥bcZ\N9hoxZ\by_kz¡¤¥IJ;Nz;_YYNGX#_kZ\JLNbyz;`ybcz;NGHxkw;w;`yNZ©xkz¥Z\JWfLXO^2NX\NN9zHxaX#X[ZoxZ\N9X]_kZ\J;N
	bczAZoNh\xkN¦^BN9JLxºnWbc_af;h)_
ZoJ;N_khobykbyzLx`xwLw;`cNZ9pBM]_YYfL`c_xkz6x^LX[Z\hxkZ\by_kz°f;zL¸Zobc_az6)J;beJhoNwL`yxaN9X
hoN9f;hX[by_kz^AVb}ZoNhx&Z\by_kz¤
f;hobcz;ÃZ\J;N¼byz;`ybczLbcz;Bp)N9xaJ NGYkNZoJLx&Zh\N9w;h\NGX[N9zAZoX©byzAZ\NhozLxk`)Z\hxzLX[°Nh_khx¥9x`y`)Z\_ xÃw;f;^;`yby
MONZ\J;_YbyX`cN Ztf;zLJLxkz;kNG¤mxaJNGYkNZoJLx&ZhoNwLh\NGX[N9zaZX)xOx`y`Zo_¢xOw;h\byn&x&ZoNSMONZ\J;_YbeX)h\N9w;`exkNG
^WVZl(_bczAZoNhozLx`(N9YaN9X ]_az;N©°ho_kM Z\JLNxk`c`ybyz;¼w2_kbyzaZ#Z\_DZ\J;NNzAZ\hoV»wB_abczAZ#_k)Z\J;NMONZ\JL_W (xzB
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p(Z\J;N9h\N¼xkh\NZ\J;hoNN6w2_aXoX\bc^;`yN6xaX[NGX]°_khOZ\JLNZ\hxzLX[°Nh©NGYkN
w →m w
′ Z\_xw;w2N9xkh)bcz
αM (A)
pL)J;byJ¦N~_kzBX[beYNhbyzZ\f;hoz¡¤
k¤
w′ = v′ · tl(w)
xzL
v →m′ v
′ °_khSX[_aMON v′ xzL m′ = λMeth(v) = λMeth(v′) pBxzB v |= ¬r ¤IJ;Nz
(v, σ)
ε
−→(v′, σ)
bcz
b(A)
p)xzL J;N9zLN¼xk`yX\_»bcz
bM (A)
¤ ¦VÃZ\JLN¼YN£LzLb}Zobc_az _
α′M
p
α′M (v
′, σ) = (w′, γ)
¤
Y¤ 	°byzAZ\NhozLxk`
9x`y` 
w′ = ν(e · v′ · tl(w))
p
e |= m′
xkzL
e ∈ E
p
m′ /∈ M
p"ZoJ;NhoN#beXSx9x`y`NGYkN
v
m′
−−→m′′ v
′ bcz A °_ahX\_kMON m′′ p v |= ¬r ¤tIJ;N9z (v, σ) m
′′    m′
−−−−−−−→ (e, v′ · σ)
byz
b(A)
p"xzL
J;NzBN
(v, σ)
ε
−→ (e, v′ · σ)
byz
bM (A)
¤ ¦VYN£Lz;bcZ\by_kz_
α′M
p
α′M (e, v
′ · σ) = (w′, γ)
¤
;¤ 	°byzAZ\NhozLxk`Yh\NZ\f;hoz 
w = ν(v ·w′)
p
v |= m′∧r
p
m′ /∈ M
xzL'Z\JLNhoN(beXx9x`y`WN9YaN
v′
m′
−−→m′′ v
′′
bcz
A
°_ah
v′′ = hd(w′)
xzBX\_kMON
m′′
xzL
v′
X[fBJZoJLx&Z
v′ |= ¬r
¤¨§N'_azLX[beYN9h(ZoJ;hoNNX\f;^Y
xaX[NGX¤
  hd(σ) = v′′
¤ IJ;N9z
(v, σ)
m′ 
	 m′′−−−−−−−→ (hd(σ), tl(σ))
byz
b(A)
pOxzLvJ;NzLN
(v, σ)
ε
−→
(hd(σ), tl(σ))
bcz
bM (A)
¤ ¦V©ZYN£Bz;b}Zobc_az_
α′M
p
α′M (hd(σ), tl(σ)) = (w
′, γ)
¤
  hd(σ) 6= v′′
xzL
w = v · w′
¤IJ;Nz(N]xhoN#YNGx`ybczL)bcZ\J»x¢hoNZ\fLh\z6°ho_kMÇxh\NGf;hX\bcnaN'xk`c`
bcz
b(A)
pLxkzLZ\J;N9h\NM'fBXlZ)^2Nx];N9_aMOwB_AX[bcZ\by_kz
σ′ · v′′ · σ′′
_k
σ
X[fLJZ\JBx&Z
λMeth(σ0) = m
′
xzL»zL_¼z;_YYN¢_k
σ′
beX~bcz
M
¤6PYbczLN
A
byX'`yxaXlZ\09x`y`ihoN9fLhoX\bcnaNkp%x`y`iz;_YYN9X'bcz
σ′
xkh\N©N9b}ZoJ;Nh
h\NZ\f;hoz z;_YYNGX_ahz;_YYNGX`yN9xaYbyz;ÃZo_ hoNZ\fLh\z z;_YYNGXnWbex¥ZohoxkzLXl°N9hwLxZ\JLX_kzL`cVa¤ IJ;N9h\N°_khoN
(v, σ)
ε
⇒ (v′′, σ′′)
byz
bM (A)
¤ ¦V©ZoJ;NYN£Lz;bcZ\by_kz_
α′M
p
α′M (v
′′, σ′′) = (w′, γ)
¤
  hd(σ) 6= v′′
xkzL
w 6= v ·w′
¤IJ;Nz
(w, γ)
xzL
(w′, γ)
xkh\N)byz¢ZoJ;NXoxMONhoNZof;h\z©NGdAf;bcn&xk`cN9zLN
`exkXoX 	X\NN~x^2_&nkN¸p;X\_O(N~Y_Oz;_kZJLxºnkNZ\_¢_kzLX\by;Nh¦Z\J;beX9xkX\Nk¤
 k- -   NZ
m1,m2 ∈ M
p
w
m2−−→m1 w
′ p w |= ¬r p w′′ |= m2 xzL w′′ ∈ E ¤%IJ;Nz (w, γ) m1
  
m2−−−−−−−→
(w′′, w′ · γ)
byz
b(αM (A))
¤ ¦VYN£LzLb}Zobc_az¼_
αM
p2¦NM'fLX[ZtJLxºnaN
w′ = v′ · tl(w)
°_khSX[_aM]N
v′
X\fLJ¥ZoJLx&ZGpbcz
A
p
v
m2−−→m v
′ xkzL v |= ¬r °_ah]X\_kMON¢wLh\byn&x&Z\NMONZ\JL_W m _ m1 ¤ ¦VYN£Bz;b}Zobc_az4_k
α′M
p
w′′ = v′′
°_khX[_aMON
v′′
X\fLJ ZoJLx&Z
v′′ |= m2
xkzL
v′′ ∈ E
¤ IJ;Nz
(v, σ)
m
  
m2−−−−−−→ (v′′, v′ · σ)
bcz
b(A)
pxzB6X[byzLN'^AV6YN£Lz;bcZ\by_kz6_k
α′M
p
topM (v · σ) = m1
p
(N'JLxºnkN
(v, σ)
m1
  
m2−−−−−−−→ (v′′, v′ · σ)
byz
bM (A)
¤ ¦VYN£Bz;b}Zobc_az¼_
α′M
p
α′M (v
′′, v′ · σ) =
(w′′, w′ · γ)
¤
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 NZ
m1,m2 ∈ M
p
w |= m2 ∧ r
p
γ 6= ε
xzB
hd(γ) |= m1
¤©IJ;N9z
(w, γ)
m2 
	 m1−−−−−−−→
(hd(γ), tl(γ))
bcz
bM (αM (A))
¤ ¦VH;N£Lz;bcZ\by_kz _k
αM
xzL
α′M
p¦N6M'fLX[Z¢JLxºnaN
w = vxzL
v |= m2 ∧ r
¤¥u`eX[_Bp
σ 6= ε
xkzL¥J;N9zLN
(v, σ)
m2 
	 m−−−−−−→ (hd(σ), tl(σ))
byz
b(A)
°_ah
m = λMeth(hd(σ))
¤ ¦VDYN£Lz;bcZ\by_kz¥_k
α′M
p
topM (σ) = m1
xkzL§J;NzBN
(v, σ)
m2 
	 m1−−−−−−−→
(hd(σ), tl(σ))
bcz
bM (A)
¤ ¦V;N£Lz;bcZ\by_kz_k
α′M
p
α′M (hd(σ), tl(σ)) = (hd(γ), tl(γ))
¤
IJLbyX)_kzL`cfL;N9X¦Z\JLN~w;h\_W_kl¤
PWbyzLN~(NGxX\bcM#f;`ex&Z\by_kz_azaZxbyzLX)X\bcM#f;`yxZ\by_kz(NJLxºnaNSZ\J;NS°_k`y`y_&)bcz;B¤
+ Ï  Ï - -Y Ì    ­¬
A : I
³­»± ²½c¶&À­)H½c±&À¸¬ [²±&½ ½®\­²·Y®À¸ª µ&­»±oÅkÅ"½c­¬  ±«  ½c­¬ M ⊆ I+   ´L­«
bM (A) ≡w b(αM (A))

   2#
$&	¦  ¡%	'i 	'     '	)	' 	
X[byz;6ZoJ;Nh\NGX[f;`cZoX'_k^YZxbyz;N9¥xk^B_&naNkp
¦Nxkz XlZx&ZoNX[N9nkN9hoxk`inkN9h\bc£BxZ\by_kz¥w;hobyzLbyw;`yN9X~ZoJLx&ZOxkzÃ^BN
fBX[NGÃZo_§wLh\_&naNw;ho_kw2Nh\Z\byN9X]_xw;wL`cNZObyzAZ\N9h[xaN^BN9JLxºnWbc_af;hG¤ ¨§N£BhoX[Z©w;h\NGX[N9zAZ#Zl¦_§xk^LX[Z\hxk¸Zobc_az
wLh\byzLbyw;`yN9X9pkxzB'ZoJ;Nz©¦NX\J;_& J;_& Z\J;NGX[Nxz]^2Nt_aM'^;byz;N9])bcZ\JO_kfLhi_kMOw2_aX\b}Zobc_azLx`YnaNhob}£2x&Zobc_az
wLh\byzLbyw;`yN%	 °ho_kM  2¸¤
 	  Ë 8"-L Ë ¢
9ºL Ï 	  NZ
A : I
^2N'xO`y_aX\N9xkw;w;`yNZ9pBxzL`yNZ
M ⊆ I+
¤(¨ b}ZoJZ\J;N'h\NGX[f;`cZoX
NGXlZx^;`ybeX[J;NG~x^2_&nkNap9¦Nxkz)jlfLX[Z\bc°VSZ\J;N°_k`y`c_&)byz;txk^LXlZohoxa¸Zobc_azSwLh\byzLbyw;`yNkp&)J;N9h\N
ψ
beXx^2NJBxºnAby_kfLhoxk`
byzAZ\N9h[xaNS°_khoM'f;`ex;¤
( 	
 ) αM (A) |=b ψ
A |=Mb ψ
( ËWÏ  Ë 	 &  ·Y½y­ 	.x^LX[Z\hxkZªeÀÀ¶&·Y« *
®\¶9¶[¯ #L_k`y`c_&X)°h\_aM ZoJ;N#YN£Lz;bcZ\by_kz6_ki^BN9JLxºnWbc_af;hoxk`¡X\xZ\beXlxa¸Zobc_az¡pBIJ;N9_khoNMYp"IJ;N_ah\N9M p"xzB
ZoJ;NYN£Lz;bcZ\by_kz_%^BN9JLxºnWbc_af;hoxk`"bczAZ\N9h[xaN~Xox&Z\beX[xk¸Zobc_az¡¤
¨ J;N9z
A
JLxaX)`yxaXlZ\09x`y`¡hoN9fLhoX\bc_az¡pY(N#xzN9nkNz6wLh\_&nWbeYN~xOxbcZ\JY°fL`x^BXlZohoxa¸Z\by_kzw;hobyzLbyw;`yN°_kh
wLh\_awBN9h[ZobcNGX(_kZoJ;N~_k^BX[N9h\n&x^L`cNS^BN9JLxºnWbc_af;h^WVfLX\bczL#ZohoxkzLX[°_khoMOxZ\by_kz
δ
°ho_kM PWNG¸Zobc_az6Y¤
( 	
 ) αM (A) |=b δ(ψ)
A |=Mb,w ψ
( ËWÏ  Ë 	   ·Y½y­ 	(NGxA0xk^LX[Z\hxk¸Z/SªeÀÀ¶·Y« ¢±« ²¶&ÁtÅ2½c­¬0­
®\¶9¶[¯ #L_k`y`c_&X~°h\_aM!ZoJ;NYN£Lz;bcZ\by_kzÃ_k^2NJBxºnAby_kfLhoxk`X\xZ\beXlxa¸Zobc_az¡pgh\_awB_AX[bcZ\by_kzÄkp (_ah\_a`c`exhoV¥kp
IJLN_khoNM WpxzLZoJ;NYN£Lz;bcZ\by_kz¥_k¦¦N9x*D^2NJLxºnWby_kf;hx`byzAZ\Nh\xkN¢X\xZ\beXlxa¸Zobc_az¡p%xk`c`_))J;beJÃxhoN
NGdAf;bcn&xk`cN9zLNGX¤
44658739;:;:;<
G  ¦·Y®o¶&µ·YªeÀÁ©±&«
+ Ï 	0 Ï  Ï 	 - Ë ; Ï 	  	   q|zNGxho`cbyNh¦_kh   i¦NOw;h\NGX[N9zAZ\N9¼Z\J;N]°_a`c`y_&)bczLX\_kf;zBDxzB
_kMOw;`yNZoN_kMOw2_aX\b}Zobc_azLx`naNhob}£B9x&Zobc_azw;hobczBbyw;`cN
(compos)
A |=s σ Max IA(σ) ] B |=b ψ
A] B |=b ψ
A : IA
tNhoN
A
xkzL
B
xhoN©xw;wL`cNZoX9pX[fBJDZoJLx&Z
A ] B
byX~x`y_aX\N9xw;wL`cNZ9¤%#;f;h\Z\JLNhGp
σ
beX~x°_khoM'f;`exbcz
X\byM'f;`ex&Zobc_az`y_kabyS_kzZ\JLNXlZoh\fLZ\f;hx``yNnaN` 	[ª  ­ B^2_ºÂYN9X)xhoNbczAZoNhow;h\NZ\NG_&naNh¦Z\J;N~NGYkNGXbczZoJ;Nxk`c`
ahoxkw;J pa)J;by`yN
ψ
byXx#w;ho_kw2Nh\ZlVOxZZoJ;N^BN9JLxºnWbc_af;hoxk`L`yNnaN` &¤
#%bczLxk`c`yVkp
Max IA(σ)
beX(x]_azLX[Z\hofL¸Zobc_az
;N9Xohobc^2N9Hbcz  tVWbyN`eYbczL»x»X\_|xk`c`yN94ÁO±kª Á©±&½S±oÅkÅ"½c­¬  y®y¬ 
σ
xkzL
IA
pSª  ­)xzÄxw;wL`cNZO)bcZ\J
byzAZ\N9h[xaN
IA
Z\JLxZX[byM'f;`ex&ZoN9Xx`y`_ZoJ;Nh~xkw;w;`yNZoX)bcZ\JZ\JLbyXbyzAZ\Nh\xkN]Xox&ZobyX[°VWbczLwLh\_awBN9h[ZlV
σ
¤O¨N
_kM#^;bczLN¼Z\JLbyXhof;`yN)bcZ\J4Z\J;N¥x^BXlZohoxa¸Z\by_kz wLh\byzLbyw;`yN§xk^B_&naN¼Zo_H_a^YZoxkbcz4Z\J;N°_k`y`c_&)byz; x^LX[Z\hxkZ
_kMOw2_aX\b}Zobc_azLx`"nkN9h\bc£B9x&Z\by_kzw;hobczLbcwL`cN
(abstract

compos)
αM (A) |=s σ Max IαM (A) (σ) ] B |=b ψ
A ] B |=
M∪I+
B
b ψ
A : IA,
I−B − I
+
B ⊆M
( ËWÏ  Ë 	 !  ·Y½y­ 	.x^LX[Z\hxkZ[|_kMOw2_aXSªeÀÀ¶·Y« 
®\¶9¶[¯ #L_k`y`c_&X¡°h\_aM=Z\J;Nx^LX[Z\hxkZ\by_kzxkzLZ\JLN¦_kMOwB_AX[bcZ\by_kzBx`knaNhob}£2x&Zobc_az~w;hobczLbcwL`cNapGwL`cfLX%giho_kw2_
X\bcZ\by_kzLX©xzB!Y¤
rt_Z\beN#Z\JBx&ZSZ\J;NObyzaZoNh\xkN'_(h\NGdafLbchoN96MONZ\J;_Y;XZ\JBx&ZbyXSfLX\N9¼°_khZ\J;N]M©x&ÂYbcM©xk`%MO_YYN9`
_kzY
X[Z\hofLZ\by_kzfLX[NGX
I−A − I
+
A
¤IVWw;bexk`c`yVkpWZoJ;beX))bc`y`_khoh\NGX[w2_kzL¢Z\_OZoJ;N~w;f;^;`ybebczAZ\N9h[xaN_
B
p;xzL°_kh
NGxkJ¼byMOw;`yNMONzAZoxZ\by_kz¼_k
A
bcZ~X[J;_af;`y¼^BNOJ;N9aN96)JLNZ\JLNhSb}Zh\NGX[w2N9ZoXtZ\J;beXSw;f;^;`ybe'byzAZ\Nh\xkN'_k
B
¤
#%byzLx`y`cVapX[byMObc`exho`cV6xaX°_ahtZoJ;N#xk^LXlZohoxa¸Zobc_az6w;h\byzLbcw;`yNkp"¦N#9xzX[ZoxZ\N]x©xbcZ\J;°f;`_kMOw2_aX\b}Zobc_azLx`
naNhob}£2x&Zobc_azwLh\byzLbyw;`yNO°_khwLh\_awBN9h[ZobcNGX_Z\J;N_k^LX\Nhon&x^;`yNObczAZ\N9h[xaNO^2NJLxºnWby_kf;h~_k)xkw;w;`yNZX~)J;beJ
xkh\NS`exkX[Z[|x`y`hoN9fLhoX\bcnaNk¤
(weak

abstract

compos)
αM (A) |=s σ Max IαM (A)(σ) ] B |=b δ(ψ)
A] B |=
M∪I+
B
b,w ψ
A : IA,
I−B − I
+
B ⊆M
( ËWÏ  Ë 	 2  ·Y½y­ 	(NGxA0xk^LX[Z\hxk¸Z\0_kMOw2_aXtªeÀÀ¶&·Y« ¢±&« ²¶ÁÅ"½c­¬|­
  %	'i(	Ã  	 $H 2 	
uX'NÂYw;`yxkbczLN9 xk^B_&naNkp
¦NxhoNbyzAZ\N9h\NGXlZoN9¥byzHX[Z\fL;VAbyz;DZ\J;Nx^LX[Z\hxkZ#^2NJLxºnWby_kf;h#_txkw;w;`yNZoX9pi^2N
9xfLX\NbyzHxDZ\hof;`yVÃ_aM]w2_aX\bcZ\by_kzLxk`¦X\NZ\Z\byz;zL_Z\JLbcz;§beX Wz;_&)zHx^2_kfYZ]Z\J;NYb2N9h\N9zAZ©_kMOw2_kz;N9zaZXp
 3 & 
&   #& 5,& # 	-	"& +& 
ψ
& + !,! # #%	 ' & 5,	 %	(( &  ! & ! /& ;5,;5 & 5 !,!
& !" /& ;50
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NÂ;Nw;Z%	.X[_aMON©w;h\_awBN9h[ZobcNGXS_ SZoJ;Nbyh~byzaZoNh\xkN]^2NJBxºnAby_kfLh9¤%#;_ahxz;N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